Neo-Darwinian evolution theory explains how organisms with their appearance of purposive design came into existence without being designed. The centrepiece of the explanation is a physical object, the gene, and the processes it undergoes: mainly, replication and natural selection. The compatibility of that theory with the laws of physics has been challenged, by claims that self-reproduction of living cells, essential to gene replication, is incompatible with quantum theory. Wigner, notably, argued that it would require design-bearing laws of physics. Here I show that self-reproduction is compatible with no-design laws of physics, in particular with quantum theory, by expressing self-reproduction, replication and the appearance of design clearly within physics, using the recently proposed constructor theory. I also show that aside from sufficient resources such as time and energy, the only requirement on the laws of physics for evolution to be possible is that they permit digital information.
Introduction
Living entities are sophisticated machines, displaying features unlike the regularities observed in any other kind of matter. Regular shapes of planets or crystals can be striking; but are explained by symmetries in the laws of physics. Conversely, even modest organisms, such as bacteria, display stupendously designed mechanisms, with several, different sub-parts coordinating to an overall function, just like objects that have literally been designed, such as cars or robots. This appearance of design was long considered as evidence of intentional design [1, 2, 3] , and requires an explanation: what is it for? How did it come into existence? The theory of evolution [4] , in the neo-Darwinian synthesis [5, 6, 7] , answers these questions, explaining how the appearance of design can have been brought about by an undesigned physical process of variation and natural selection. Indeed, it is a principle of the evolution theory that everything with the appearance of design must have come into existence by natural selectiondirectly (e.g. living organisms) or indirectly (objects that have literally been designed). As Richard Dawkins put it [8] , "chimps and dogs and bats and cockroaches and people and worms and dandelions and bacteria and galactic aliens are the stuff of biology", while the "stuff of physics" comprises "simple things, such as rocks, clouds, rivers, galaxies and quarks". Hence there would seem to be little to say about physics here, apart from Dawkins' remark that "The kind of explanation" the evolution theory provides "must not contradict the laws of physics." [8] . The main problem I address in this paper is that the compatibility of the theory of evolution with the laws of physics has been contested. My argument to vindicate it begins with something within the overlap of physics and biology: the gene. A gene [5] is any portion of DNA which can be transmitted between generations by copying and codes for a trait of the organism that can be selected (from a set of variants) by the environment. Organisms are vehicles for their genes; natural selection relies on genes being copied, with occasional errors; the appearance of design is the result of gene propagation across generations. Physically, a gene is a replicator, i.e., an object R that is copied in this schematic pattern:
C is a copier, acting on some raw material N (possibly producing waste products W ); in living entities it is contained in the vehicle. Actual gene-replication, albeit approximate, is already an impressive physical process, for its accuracy. But even more striking is that the copier, with the rest of the vehicle, can also self-reproduce rather accurately. Selfreproduction of an object S is a transformation
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where the raw materials N do not contain the means to create another S, and the whole system could be isolated. Thus S cannot rely on any mechanism other than itself to cause the construction of another S. This is the fundamental difference from a replicator, which may rely on an external copying mechanism. Accurate self-reproducers such as cells, albeit of little conceptual relevance in evolutionary theory, are essential to organism development, and to gene replication. I will show that under no-design laws of physics sufficiently accurate self-reproducers must contain accurate replicators, and vice versa.
There are many crude approximations to self-reproducers in nature -undesigned chemicals such as crystals, short RNA strands and autocatalytic cycles involved in the origin of life [9] . Being so inaccurate, they require no explanation. But living cells are strikingly accurate self-reproducers -capable of recreating the vehicle in all the intricate detail necessary to gene replication; and they do so not by bare replication, but by copying the genes and constructing the vehicle afresh. Some physicists have claimed that such accurate self-reproducers are incompatible with the laws of physics, particularly with quantum theory [10, 11, 12, 13] . This combines two traditions of incredulity: that life cannot be explained wholly within science (see, e.g., [14] ); and that quantum mechanics is not universal (because it would be incompatible with life). Wigner, in particular, argued that accurate self-reproduction of an organism with the appearance of design requires the laws of motion to be "tailored" for the purpose -i.e., they must contain its design [10] . Thus Wigner's claim challenges the theory of evolution, claiming that it must rely on designed laws. I shall show how and why self-reproduction is compatible with no-design laws, and in particular with quantum theory. The question whether self-reproduction is compatible with no-design laws is awkward to formulate in the prevailing conception of fundamental physics, which expresses everything via initial conditions and laws of motion. For example, the latter cannot accommodate notions such as the appearance of design or natural selection; nor distinguish precisely between replication and self-reproduction: these two different processes have identical initial and final conditions (see the representations above). With hindsight, this is why von Neumann took a different approach to investigating self-reproduction, via cellular automata, running in a computer [15, 16] . But applying that method to our problem is circular: all designed objects, including computers, are by-products of life (and, hence, of self-reproducers). Even more perversely, the prevailing conception forces a misleading formulation of the problem, as: what initial conditions and laws of motion must produce accurate self-reproducers with the appearance of design (with some probability)? But what is disputed is whether such self-reproducers are permitted under no-design laws. I will overcome these problems by resorting to the newly proposed constructor theory [17, 18, 19] . This physical theory provides a new language to express laws of physics, but also has its own laws, in the form of principles. Here it suffices to know that these are obeyed by all known laws of physics including quantum theory, and do not contain the design of any object (see [17] , [18] ). Constructor theory's fundamental principle is that all other laws of physics (called subsidiary theories) can be expressed solely as statements about which transformations are possible and which are impossible and why. Thus in constructor theory our problem is expressed naturally, as: is an accurate self-reproducer with the appearance of design possible under no-design laws (in particular, under quantum theory)? I shall show that it is, provided only that media that can instantiate (digital) information [18] exist; and that the latter are required for evolution to be possible. To this end, I shall express the notions of appearance of design, no-design laws, and the logic of self-reproduction, replication and natural selection rigorously within physics, using constructor theory. I shall also demonstrate a quantum-mechanical (kinematical) model of the logic of self-reproduction, updating von Neumann's. This clarifies how selfreproduction differs from cloning a quantum state (which has occasionally caused some confusion [11] ); and shows that self-reproduction -and even (possibly artificial) self-reproducers employing quantum coherence -are compatible with quantum theory.
Self-reproduction under no-design laws
In constructor theory attributes are properties of a physical system M, defined as sets of states of M. We say that M (say, a collection of atoms) has the attribute X (say, being a self-reproducer) if it is in any of the states in X. Constructor theory's main elements are tasks. A task T is the abstract specification of a transformation
as a set of input/output pairs of attributes {x i }, {y i } of the physical systems being transformed, called substrates.
Tasks form an algebra under parallel and serial composition, and are composable into networks to form other tasks [18] .
A physical system C is capable of performing the task T if, whenever presented with the substrates with any of the legitimate input attributes of T , it delivers it with the corresponding output attribute, while retaining its ability to do so:
Input attributes of substrates C =⇒ Output attributes of substrates, where C and the substrates jointly constitute an isolated system. C is a constructor for T . In reality only approximate constructors exist, e.g. catalysts or robots. They have non-zero error rates and deteriorate with use. But we say that a task is possible if the laws of physics impose no limit, short of perfection, on how accurately it could be performed, nor on how well objects capable of approximately performing it could retain their ability to do so. Otherwise it is impossible. In constructor theory the replication of a set Σ of attributes is the task
on the composite system M 1 ⊕ M 2 of the source and the target substrates. X ∈ Σ is an attribute of M 1 , being replicated; N some receptive attribute of M 2 and (X, W ) the output attribute, including waste products W . For example, Σ could be a set of alleles (variants of a gene) or the set of nucleotides.
Replication when regarded as copying is intimately connected with information. This inspired some information-based approaches to fundamental problems in biology, [21] . Until recently, information had no place in fundamental physics. But the constructor theory of information has now incorporated it within physics, at a fundamental level [18] . That intuition about replication being central to information is now expressed as a physical law, at the foundations of this theory: laws of physics permitting information must allow replicable attributes (as in (1)).
In particular, the set of attributes Σ is an information variable [18] if the task of performing any permutation over Σ (allowing for waste), and the replication task over Σ, are all possible. The permutations can be thought of as computations. Examples of an information variable are: the set of states of traffic lights, the set of orthogonal quantum states in a quantum computer, etc. An information medium is a substrate some of whose attributes constitute an information variable. Information media obey the interoperability principle [18] : the composite system of two information media with information variables Σ 1 and Σ 2 , is an information medium with information variable Σ 1 × Σ 2 . This means that information is copiable from one information medium to any other. The condition for a system M to instantiate information can thus be formulated as a rigorous physical requirement: that M have one of the attributes belonging to some information variable Σ and that the task of giving it any other attribute in Σ (allowing for waste) be possible. A constructor C for the replication task
is called a copier of Σ. Of its substrates, the target is changed; the source, with the attribute X being replicated, remains unchanged. We can then regard C plus the source substrate with the attribute X as a constructor C[X] performing the task T X = {N → (X, W )} on the target, in this schematic pattern (waste omitted):
The information X in the source acts as a constructor, "instructing" C to perform the task T X on N . Generalising this idea, a programmable constructor V is one with an input substrate that, when having any of the attributes in an information variable {P }, is itself a constructor -an abstract constructor. V [P ] is a constructor for the task T P , P is the program for the task T P and T P is in the repertoire of V .
We have now all the tools to formulate the problem rigorously within physics. Self-reproduction is a construction whose constructor and substrates are the same (type of) object. A self-reproducer S is a constructor for constructing another instance of itself, given raw materials N that do not contain any S or constructor for S:
allowing for waste products. S is the specification of all properties necessary for (2), given the laws of physics. By "naturally occurring substrates" I shall mean physical systems which exist in effectively unlimited numbers. These include only elementary entities, e.g. simple chemicals including catalysts and nucleotides. I will assume that N in (2) comprises naturally occurring substrates only. This is over-stringent: if self-reproduction is possible under this condition, it is possible under the actual conditions (when the environment contains other organisms). It has sometimes been proposed that the very existence of laws of nature constitutes "design" in them. But our problem is whether biological adaptations require their design in laws of physics. Hence I will model "no-design" laws as those satisfying the following over-stringent requirements. First, that naturally occurring entities can only perform a few tasks, only to a finite accuracy, called elementary tasks. These tasks are physically simple and contain no design. Familiar examples are spontaneous, approximately self-correcting chemical reactions, such as molecules "snapping" into an enzyme regardless of any original small mismatch. Second, that no good approximation to a constructor can be produced by naturally occurring approximations to a constructor acting on naturally occurring substrates. Thus, in particular, quantum theory is "no-design" in this sense. I shall show that self-reproduction is permitted under no-design laws, in three steps: first I establish the general features necessary for a task to be performed to high accuracy under no-design laws (section 2.1); I then show that accurate self-reproducers are compatible with no-design laws (section 2.2); and that natural selection requires no design in the laws of physics (section 2.3).
A highly accurate constructor must contain a replicator
A task T being possible means that for any given accuracy (short of perfection) the laws of physics permit an approximate constructor performing the task to that accuracy. Hence they permit a sequence of physical objects to be constructed each capable of approximately performing T to a higher accuracy than the preceding one. The notion of a constructor is shorthand for such an (infinite) sequence. Consider a possible (non elementary) task T and an object F that can perform T to a high accuracy (1) . For instance, T could be the task of constructing a car from naturally occurring substrates and F a generalised car factory, including all the processes converting raw materials such as iron, etc., into a car. The approximate constructor F executes a procedure -a recipe -to perform the task T to accuracy . What are the necessary features of the recipe for F to be permitted by no-design laws of physics? I will show that it must have a hierarchical structure, and be a replicator. A recipe for T is a network of sub-recipes -procedures to perform subtasks, that are executed by sub-components of F , to some accuracy. T being possible requires the possibility of these subtasks: to avoid an infinite regress, the sub-recipes must be non-specific to T . Hence one can describe F as a programmable constructor, V , with a program P having the same logic as the recipe: it has a modular structure P = (p 1 , p 2 , · · · , p N ) where each instruction p i takes values in an information variable and tells V which sub-task to perform on the substrates (2) . So, V performs T blindly, because the subtasks are non-specific to T . Thus it must also be capable of executing other programs -different combinations of the elementary units p i . For example, a car factory contains robots executing sub-recipes to construct the car's doors. These robots contain sub-robots to construct handles, windows, etc., which could be used to construct other objects than cars. To provide a base for the recursive definition of a recipe, under no-design (1) It is the subsidiary theory that provides specific measures of accuracy. (2) This is a schematic representation: P need not have a linear structure.
laws the elementary sub-recipes must be elementary tasks, performable by naturally occurring approximations to constructors, so that executing the recipe for T does not require designed laws of physics. These elementary sub-tasks are not specified in the recipe: they are implicit in the laws of physics. For instance, in the car recipe elementary tasks are steps like, say, "oxidise the aluminium coating", occurring simply by leaving the substrate exposed to air. Now, under no-design laws errors can occur: to achieve high and improvable accuracy, the recipe must include error-correction. In the car factory, this includes, say, controlling the functionalities of the subcomponents (e.g., fine checks on the position of doors, wheels, etc.). Hence the recipe P must contain information about the task T , informing the criterion for error detection and correction. The higher the accuracy, the more information about T is needed in order for error-correction to be effective. The information in the recipe is an abstract constructor that I shall call knowledge (without a knowing subject [22] ). In addition, under no-design laws any (approximation to a) constructor F wears out after some time. For F to maintain its capacity to perform the task, there must be a maintenance constructor that constructs a new instance of F before the former one stops working. To avoid an infinite regress, the maintenance constructor must not need the recipe P for T . It must replicate the recipe contained in the former instance, blindly: by replicating its subunits p i , non-specific to P . We conclude that, under no-design laws, the substrate instantiating the recipe is necessarily a modular replicator: a physical object that can be copied blindly, an elementary subunit at a time. For the same reasons, error-correcting the replication is necessary. Hence the subunits p i must assume values in a discrete (digital) information variable: one whose attributes are separated by a continuum of non-allowed attributes. For, if all values in a continuum were allowed, error-correction would be logically impossible.
Designoids
Something with the appearance of design is often described as "improbable" [8, 20] . This is misleading because models of the appearance of design (including Wigner's [10] ) based on probability measures are multiplicative: they require the composite system of two objects with the appearance of design to have more of that appearance than they do separately. But that is not the case when the two objects have unrelated functionalities (such as, say, heart and pancreas of different organisms). So what is the appearance of design, if not "improbability"? Well, two organs in the context of the same organism, coordinating to the effect of gene propagation, do have a greater appearance of design than either separately. This can be expressed naturally in constructor-theoretic terms for programmable constructors. Consider a recipe R for a possible task T . A sub-recipe R for the task T is fine-tuned to perform T if almost any slight change in T would cause T to be performed to a much lower accuracy. (For instance, changing the mechanism of insulin production in the pancreas even slightly, would impair the overall task the organism performs.) A programmable constructor V whose repertoire includes T has the appearance of design if it can execute a recipe for T with a hierarchical structure including several, different subrecipes, fine-tuned to perform T . Each fine-tuned sub-recipe is performed by a sub-constructor contained in V : the number of fine-tuned sub-recipes performable by V is a measure of V 's appearance of design. This definition is non-multiplicative, as desired. Extending Dawkins' terminology [8] , I call programmable constructors with the appearance of design designoids.
The logic of self-reproduction under no-design laws
I shall now show that no-design laws permit a highly accurate self-reproducer, provided that it operates via what I call, adapting Dawkins' terminology [7] , the replicator-vehicle logic. A self-reproducer S (of the kind (2)) is a constructor for its own construction, from naturally occurring substrates. As explained (section 2.1), to achieve high and improvable accuracy S must consist of: A modular replicator, R = (r 1 , r 2 , . . . , r n ), instantiating the recipe for S (the elementary units r i have attributes in an information variable Σ, corresponding to instructions); A programmable constructor, the vehicle V , executing the recipe blindly, i.e., implementing non-specific sub-tasks. All the knowledge about how to construct S must be in R. It is a feature unique to self-reproduction that the maintenance and errorcorrection required for a high accuracy must be performed by S, with no additional constructor. This can only happen, under no-design laws of physics, via two distinct procedures (first defined by von Neumann [16] ): the copy phase and the construction phase, enacted by sub-constructors in the vehicle, C and B. In the copy phase, C, a copier of the information variable Σ, performs the replication of R:
by replicating the configuration of R blindly, one elementary unit at a time. Thus C is a universal copier for the set of replicators consisting of elementary units drawn from Σ (a property called heredity [27] ). Error-correction can happen blindly too, for instance via mismatch-repair. In bacteria this phase is DNA replication and C includes all the relevant enzymes in the cell.
The replication of each sub-unit r i constitutes a measurement of which attribute r i holds, followed by constructing a new instance of it. Since all the knowledge about S must be in the replicator R, the attributes in Σ, of which R is made, must be naturally occurring, so as to require no recipe, other than R, to be constructed from naturally occurring substrates. I call a modular replicator whose subunits are naturally occurring, such as R, a template replicator. A DNA strand is one: the information variable Σ is the set of nucleotides -they are simple enough to have been naturally occurring in pre-biological environments. Rewriting (3) as
to highlight that C executes R, we see that a template replicator has a remarkable property. It instantiates a recipe for its own construction from naturally occurring substrates (C does not need to contain any additional recipe to construct the subunits of R). This is unique to template replicators: from the argument in section 2.1, it follows that an instance (or a blueprint) of an object is not, in general, a recipe for its construction from naturally occurring substrates. A 3-D raster-scanner provided with an instance of, say, a bacterium could not reproduce it accurately from naturally occurring substrates only: without a recipe containing the knowledge about the bacterium, there would be no criterion for error-correction, resulting in a bound on the achievable accuracy. Likewise, an entire organism could not self-reproduce to a high accuracy via self-copying: without the recipe, an "error catastrophe" [24] would occur. This is why "Lamarckian evolution" (of adaptations by the inheritance of acquired characteristics) cannot occur.
In the construction phase, B executes R to construct a new vehicle V :
=⇒ (V, W ) .
In bacteria B includes the mechanisms for constructing the daughter cell, such as the ribosome which uses DNA instructions (translated into RNA) to construct proteins. Blind error-correction is possible via checks on the subtasks of the recipe; however, construction errors are not propagated, because the new vehicle is a translation of the recipe in the replicator, not a copy of the former vehicle. The recipe for the vehicle, instantiated in the replicator R, must be copied in the copy-phase. This requires its elementary instructions to be (sets of) the elementary units r i of the replicator. In bacteria they are the codons -triplets of the elementary units of the replicator (the nucleotides), coding for the building blocks of proteins (aminoacids). Thus the replicator R is a recipe for another instance of itself, when instructing C; a recipe for the construction of another vehicle, when instructing B. Overall, it contains the full recipe for S. Stability is achieved because copying and construction automatically execute the maintenance of S, by replicating the recipe and re-constructing the vehicle before the former instance of S wears out; and they permit errorcorrection. Thus (for arbitrarily high accuracy) neither phase requires the laws of motion to be "tailored so as to permit reproduction" [10] , as they implement elementary sub-recipes that are non-specific to self-reproducers, nor to life, using only naturally occurring approximations to constructors. Therefore highly accurate self-reproduction is permitted by no-design laws, as promised. R is an active, germ line replicator [7] , because instantiates all the knowledge necessary to achieve its own replication. The above argument also shows that self-reproduction is essential to high-fidelity replication under no-design laws, as the latter requires a vehicle to perform copying and error-correction: for the replicator to preserve its ability to be a replicator across generations, its vehicle must be reproduced too.
Designoid self-reproducers can arise without intentional design
These conclusions already imply that under no-design laws of physics a highly accurate self-reproducer can be constructed from naturally occurring substrates, given enough knowledge: it could continue to exists, say, had a chemical lab created it. But one must also explain how it could arise from naturally occurring substrates without any pre-existing knowledge: neither as intentional design nor as design in the laws of physics. Neo-Darwinian evolutionary theory provides the explanation: I will now argue that its logic is compatible with no-design laws. Note that the prevailing conception would aim to prove, instead, that the existence of accurate self-reproducers follows (with some probability) given certain initial conditions and laws of motion. This approach, though difficult [25] , does not contradict the present argument; but the constructortheoretic mode of explanation allows one to address the central problem: whether accurate self-reproducers are possible under no-design laws. I shall model natural selection in constructor theory as an approximate construction, whose substrates are the replicators and whose constructor is the environment. This occurs over a much longer time-scale than that of selfreproduction, whereby replicators -constructors on the shorter scale -become now substrates. Modelling the environment as an approximate constructor attributes no intentionality to it: I will show that the features of the constructor that are necessary to evolution do not require designed laws of physics. The substrates are populations of different replicators, as defined section 2.2. Here, the vehicle is the phenotype of that replicator and different replicators are sequences of elementary units differing in how well they achieve replication in a certain non-biological environment (e.g., they coding for vehicles with different efficiencies). A realistic model would include variants of replicators at homologous chromosomal loci and their mean phenotypic effects, which need not be organised into vehicles; replicators of a certain kind would code only for one of the vehicle traits; and the environment would contain other replicators too. I can abstract these details away, as they are irrelevant to the logic, as before. The theory of evolution explains that over the time-scale spanning many generations, populations are changed by variation and selection: First, the environment causes non-specific mutations in the replicators (which can be harmful, neutral, or beneficial). These are all transmitted to the successfully created individuals of the next generation, by heredity; Second, the multiplication of replicators in a fixed environment with finite naturally occurring resources causes replicators that are better at being replicated (i.e., coding for better vehicles) eventually to outnumber the others. These steps of non-specific variation of replicators and blind selection of vehicles, may lead to equilibrium, given enough time and energy. If they do, the surviving replicators code for vehicles that are best (i.e. near a local maximum of effectiveness) at replicating them in that environment. Vehicles with more functionalities are better at replicating the replicators. Thus designoid self-reproducers can arise from the cumulative effect of natural selection in a challenging environment: the fine-tuned sub-recipes they perform are adaptations of the vehicles to the environment for the preservation of the replicators [23] . In this process, the environment retains its ability to cause variation and selection again, thereby qualifying as a naturally-occuring approximation to a constructor for producing more effective replicators. Its actions -variations and selection -require no design in laws of physics, as they proceed by nonspecific, elementary steps. Mutations are usually described as random (as opposed to non-random selection, [5] ). Constructor theory allows "random" to be replaced in this context: by requiring mutations to be non-specific (as in section 2.1) to the "end product" of evolution (as Dawkins put it, not "systematically directed to improvement" [8] ). Crucially, the environment is a crude approximation to a constructor: it is by no means guaranteed to produce "better" replicators. It is crude enough that it can have arisen by chance and requires no explanation. What about the substrates?
The minimal requirement for natural selection is that each kind of replicator produce at least one viable offspring, on average, per lifetime -so that the different kinds of replicators last long enough to be "selected" by the environment. As I said, in challenging environments, a vehicle with many functionalities is needed to meet this requirement. But in unchallenging ones, the requirement is easily met by objects that not only have no appearance of design, but are so inaccurate that they can have arisen spontaneously from naturally occurring substrates -as proposed, for instance, by any of the current theories of the origin of life [9, 26] : template replicators such as short RNA strands [27] . For natural selection to get started only these "naked" replicators suffice, replicating with poor copying fidelity without a vehicle, thus qualifying as highly inaccurate self-reproducers. Since they bear no design, they require no explanation. Hence the theory of evolution is compatible with no-design laws of physics, as promised. This also shows that, in addition to enough time and energy, natural selection requires information variables (i.e., sets of distinguishable types of self-replicators), thus requiring the laws of physics to permit information media. These are the only (non-specific to life) requirements imposed on the laws of physics by evolutionary theory.
Self-reproduction under quantum theory
After showing that self-reproduction is compatible with no-design laws, I shall show that it is compatible with quantum theory: after a critique of works claiming the opposite (section 3.1), I demonstrate a quantum-mechanical (kinematical) model of the replicator-vehicle logic (section 3.2).
Irrelevance of the incompatibility arguments
The first claim that self-reproduction is incompatible with quantum physics was made by Wigner [10] . Its agenda is to show that "the present laws of quantum mechanics will have to undergo modifications before they can be applied to the problems of life" and they need to be complemented by "biotonic" laws, containing the design of self-reproducers [10] . The proposed method to do that is showing that the unitary laws of quantum physics which cause arbitrarily accurate self-reproduction of an organism S constitute a vanishingly small fraction of all possible unitaries, when S is a sufficiently specialised entity (a designoid). In Wigner's model the substrates of self-reproduction comprise: the parent self-reproducer; the substrates to be transformed into the new instance and the substrates to be transformed into waste. The Hilbert space isH = H 1 ⊗H 2 ⊗H 3 , where H 1 ∼ H 2 (both denoted by H). The "highly specialized" self-reproducer is a subspace W S ⊂ H whose dimension h(S) is much smaller than the dimension d of H. Wigner's argument shows that the set of unitaries causing the replication of W S in a given tensor-product structure
has measure which tends to zero as
→ 0 (with respect to the natural measure on the space of unitaries) [28] . Wigner concludes that unless the unitary U is "tailored so as to permit selfreproduction, it is infinitely unlikely" that, under quantum theory, accurate self-reproduction of specialised entities can occur; whence the need for designed laws. Evidently, this argument would not rule out self-reproduction only. It would apply to all the unitaries U : W C ⊗ Span{|N } → W C ⊗ W T ⊗ H 3 for some subspaces W C , W T whose dimension is smaller than d. Hence it would rule out, under Wigner's interpretation, every specialised construction. But the interpretation is erroneous. As explained, this "non-typical"interaction is compatible with no-design laws (and in particular with quantum mechanics, see section 3.2), because it can be decomposed into elementary stepsnon-specific to S -controlled by the recipe. No-design laws plus a knowledgeladen recipe can play the role that Wigner erroneously assumed can only be played by knowledge-laden laws and a generic state. Also, the "difficult feat" [10] of bringing about the knowledge in the recipe does not require intentional design, as explained by evolutionary theory, which I showed requires no design in the laws of physics. The misconception underlying Wigner's interpretation is to identify the mathematical property of being a "non-typical" unitary with the physical property of containing the design of an object. Evidently the former does not imply the latter; so, the argument is irrelevant to the claim. Similarly, the (multiplicative) property of belonging to a small subspace misrepresents the appearance of design (which is non-multiplicative, see section 2.1.1). Moreover, as pointed out in [28] , Wigner's argument is about an over-constrained set of unitaries, i.e., the ones causing reproduction of W S in a tensorproduct structure that is fixed a priori. But Wigner's purpose is served by the set of unitaries with the property that there exists a tensor product structure in which they would cause self-reproduction. Nevertheless, Baez's theorem, [28] , that almost all unitaries would achieve replication of a single state in the presence of a specific initial state, in some tensor product structure, is not actually a rebuttal of Wigner's claim. One could reach the same conclusion as Wigner's by arguing that this initial condition is in fact of zero-measure in the set of all possible initial conditions. Also, the replication of a single quantum state (which Wigner also discusses) is too strict a requirement to model self-reproduction of living entities, as it does not permit evolution. Confusing self-reproduction and replication (cloning) of single quantum states has informed another claim, that self-reproduction of a universal constructor with finite resources is forbidden by quantum theory [11, 12, 13] . The model supporting this claim comprises a collection of substrates, with Hilbert space K, n of which are the raw materials, |0 ∈ K; the rest contains the processor, the control unit and the program space of the alleged universal constructor. |ψ ∈ K m−1 is any state of the processor and |P ψ ∈ K : |P ψ |0 → |P ψ |ψ is the program for the state |ψ . Self-reproduction of the universal constructor would correspond to a unitary satisfying, for some states |C , |C * of the control unit:
for every ψ. This is impossible, the argument goes, unless programs for different states are orthogonal; in which case (allegedly) infinitely many resources would be needed, as the program space would have to be infinite-dimensional. This claim, too, is irrelevant to whether living self-reproducers are compatible with quantum mechanics. L copies each state of the vehicle and the program for that state, while actual self-reproduction requires the re-production of a subspace -the property of being a self-reproducer. Indeed, L is ruled out by the no-cloning theorem, if the programs are not orthogonal. Besides, actual self-reproducers are not universal machines: their repertoire includes very few products, compared with the set of all possible products.
The replicator-vehicle logic under quantum theory
I shall now demonstrate a quantum-mechanical model of self-reproduction, implementing the replicator-vehicle logic. I model the world as a collection of replicas of the substrates that can have the attribute of being a selfreproducer. Each substrate has Hilbert space H = H r ⊗ H v , where H r is the space of the replicator and H v that of the vehicle. One replica contains the parent, one its offspring, and the remaining w are transformed into waste products. The law of motion is a unitary U which I shall prove to be compatible with self-reproduction. The attribute A is the +1-eigenspace of the projectorÂ for holding that attribute: A = {|ψ :Â |ψ = |ψ }. LetN =N r ⊗N v (defined on H r ⊗ H v ) be the projector for being naturally occurring substrates andŜ =R s ⊗V s be that for being a self-reproducer S, whereV s is the projector (defined on H v ) for being a vehicle andR s is the projector (defined on H r ) for being a recipe for it. For evolution to be possible a set Σ of different self-reproducers must be allowed in the environment N . So, the unitary law of motion U must satisfy, ∀s, s ∈ Σ:
This is self-reproduction as in equation (2) . The arbitrary unitariesW b and W b express, respectively, the output in the absence of a vehicle and of a program coding for a vehicle. Under quantum theory U s is decomposable into elementary operations, conditioned on groups of qubits in the replicator: it is controlled by the recipe only. In addition, (by universality) a decomposition into elementary (coherent) quantum gates is allowed. Whether quantum coherence could actually be used, either in living or in artificial self-reproducers, e.g. to enhance the construction efficiency, is an open question. But I have just shown that this possibility is allowed. Hence self-reproduction is compatible with quantum theory: it can be implemented and stabilised via elementary operations requiring no design, as promised.
Conclusion
I have proved that accurate self-reproduction is compatible with no-design laws, in particular with quantum physics, vindicating the compatibility of the theory of evolution with the laws of physics, provided that they permit information media. I have also proposed a quantum-mechanical model of the logic of self-reproduction, extending von Neumann's. This informs further investigations of quantum effects in natural and artificial self-reproducers. Constructor theory has expressed within physics, self-reproduction, replication, natural selection and the appearance of design, for the first time. This has promise for a beautiful unification in our understanding of life and physics.
